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The theory of general relativity (GR), founded by Einstein in 1915, describes our universe
in terms of a 4-dimensional Lorentzian manifold (M, gµν) whose points are events in
space and time. The gravitational force is encoded in the geometry of the manifold. This
means that particles experience the gravitational force by following geodesics of the curved
manifold, while matter itself causes this curvature via the Einstein equations (EE):

R[g]µν − (1/2)gµνR[g] = (8πG/c4)Tµν .

The left hand side describes the curvature of the manifold (the terms are contractions of
the Riemann curvature tensor for the Lorentzian metric gµν), while the right hand side
Tµν describes the matter content (eg. a fluid of particles). The framework of GR has been
extensively tested and used, from predicting the orbit of Mercury around the Sun, where
Newtonian theory failed, to more recently making accurate GPS satellites.

The easiest case to consider is the vacuum (Tµν ≡ 0) Einstein equations (VEE),
which has the trivial Minkowski solution gMµν := diag(−1, 1, 1, 1). One can picture this
solution as describing the empty space between galaxies. An astonishing fact in GR is
that energy, not just matter, also causes curvature. As a result the gravitational field
is self-interacting, and therefore there exist non-trivial curved solutions to the VEE. For
example, the Schwarzschild solution to the VEE describes the vacuum spacetime outside
of a spherical object of mass M and radius R > rM , with metric given by:

gSµν := −(1− rM/r)−1dt2 + (1− rM/r)dr2 + r2(dθ2 + sin2 θdφ2) , rM := 2MG/c2 .

This metric determines the orbit of Earth around the Sun, given as a ‘straight line’
geodesic with respect to a curved manifold (cf. the circular orbit viewpoint of Newtonian
gravity). In the case of a dense object with radius R < rM , we obtain the simplest non-
rotating black hole. Note rM ' 3km for the Sun (and rM ' 8.9mm for the Earth!), so a
black hole is significantly more dense than anything observed in the Solar System.

While these spherically symmetric Schwarzschild solutions exist, two immediate
questions are: can we actually obtain such solutions from particular initial conditions
and are our solutions stable to small perturbations of these initial conditions? This
deterministic approach is essential for a theory to be physically reasonable, while from
the PDE point of view it means we are interested in questions such as: are the EE well-
posed, do sufficiently small perturbed solutions decay back to the original solution and
can black holes be formed dynamically? To make things concrete, we first do-away with
the coordinate invariance of the EE, and for this article choose ‘wave coordinates’ defined
by: ∇ν∇νx

µ = 0. The VEE then reduce to a system of quasi-linear hyperbolic partial
differential equations with wave-like operator �̃g := gµν∂µ∂ν ,

(1) �̃ggµν = N (∂g, ∂g) .

In 1952 it was shown that given appropriate initial data, the PDE (1) is local-in-time well-
posed [FB52]. It took a further 40 years to show that solutions to the VEE evolved from
perturbed Minkowski inital data exist globally in time and decay back to gMµν [CK93]. By
contrast the analytic non-linear stability of the black hole still remains an open problem,
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whereas the numerical calculations of the collision and end-point state of two such black
holes have already been calculated and used by the Nobel prize-winning gravitational
wave observatory called LIGO.

Another proof of the non-linear stability of Minkowski was given in the early 2000s
[LR10], using wave coordinates and (1). As with most dispersive PDEs, the structure of
the non-linearity N is of great importance. Worryingly N contains terms reminiscent of
John’s PDE, �φ = −(∂tφ)2, which has finite-time blow up [Joh81]. Writing the metric in
terms of its perturbation from Minkowski hµν := gµν − gMµν , PDE (1) becomes

(2) �̃ghµν = Pµν(∂h, ∂h) +Qµν(∂h, ∂h) +Gµν(h)(∂h, ∂h) .

The terms Gµν are cubic and unconcerning. The terms Qµν satisfy a good ‘null’ property
analysed in the late 1980s [Kla86, Chr86]. For example the simplest null term is:

Q0(∂φ, ∂φ) = −(∂tφ)2 + (∇φ)2 .

A major insight of [LR10] was noticing that the remaining non-null terms Pµν do not
contain the most slowly decaying term squared (in contrast to John’s example). Instead
the most slowly decaying term is always multiplied by a term with a much better decay
derived from the wave coordinate definition. The authors of [LR10] could then show that
the perturbed solution exists for all time and decays to gMµν . Recently [Wya17] I extended
the above PDE result to capture a coupled system of metric and scalar fields:

�̃ghµν = Pµν(∂W, ∂W ) +Qµν(∂W, ∂W ) +Gµν(W )(∂W, ∂W ) ,

�̃gψk = Qk(∂W, ∂W ) +Gk(W )(∂W, ∂W ) , 1 ≤ k ≤ m,
(3)

where W := {hµν , ψ1, . . . , ψm}. The two main points are: the O(∂W 2) term Qk in the
non-linearity of ψk is null, and Pµν retains the same good properties (inherited from the
VEE) as in (2). The proof involved minor, though still necessary, modifications of [LR10].

This PDE system is of interest as it appears in string theory, our most developed
theory of quantum gravity. String theory requires a (1 + 3 + d)-dimensional spacetime
(with d = 6). Since we only perceive (1 + 3)-dimensions, the idea is to ‘compactify’
the extra dimensions into a compact space K which we do not perceive at low energies.
The underlying topology is then R1+3 × K, or as first considered by Kaluza and Klein
is R1+3 × S1, [Kal21, Kle26]. In [Wya17] I took K to be the d-torus Td with the flat
metric. Next one assumes the torus radii to be so small that any perturbations of the
(1 + 3 + d)-dimensional metric depend only on the non-compact coordinates. This yields
system (3) with ψk being all metric components involving a direction tangent to the
torus. Furthermore Kaluza-Klein compactifications were intended to provide a natural
way to unify GR and electromagnetism since the invariance with respect to the compact
directions implies the following (3 + 1)-dimensional Einstein-Maxwell-Scalar field system:

Rµν = (1/2)∂µφ∂νφ+ (1/2)e−6φ
(
FµρFνρ − (1/4)gµνFρσFρσ

)
,

∇µ
(
e−6φFµν

)
= 0 , �̃gφ = −(3/2)e−6φFρσFρσ .

(4)

Thus the result in [Wya17] implies that the trivial (ie. Minkowskian) solution of (4) is
non-linearly stable, as heuristically argued in [Wit82]. One possibility for future work is
whether more interesting choices of K (eg. Calabi-Yau manifolds) lead to tractable PDEs.
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