
Never get lost with GPS
The maths behind Google Maps, Pokeman Go and more!

What is GPS

Have you ever played Pokemon Go? Or tried to find yourself on 
Google Maps? If so, then you were using the revolutionary 
technology of GPS! GPS, which stands for Global Positioning 
System, is a system of satellites in space operated by the US Air 
Force that transmit location and time information that can be 
detected by a GPS receiver, such as your phone.

The GPS network consists of 4 satellites in each of 6 circular orbits 
around the earth. The six orbits are evenly spaced at 60º intervals 
around the Earth. The satellites orbit the earth at around 
20,000km.  

How does GPS work

Consider the simple 2 dimensional model in the picture below left. Imagine 
that the 'satellites' are cars travelling around the edge of the largest circle.  
You, the GPS receiver, are standing somewhere – you don't know where yet - 
in the large circle. As the cars travel around the circle, a passenger leaves 
the car and travels towards you. The passenger, called the messenger, 
travels at a known speed. 

However when the messenger reaches the grey circle, which you should 
think of as a glue-like floor, their speed slows down. This represents the 
gasses in the Earth's atmosphere which slow down the radio waves emitted 
by the satellites. The passenger travels at a slower, but still known, speed for 
an average amount of distance given by the radius of the grey circle. 

When the passenger reaches you, they tell you information regarding the 
time they left the car and the position (angle from north) which they left. 
Using this information, we can now calculate the distance they have 
travelled. This tells you the distance you must be from the starting location 
of the messenger. This means you are located on some point on a circle of 
this radius.

Once two messengers have arrived, we can draw two circles (one blue, one 
red) on the diagram. Their point of intersection, which can be found by 
solving two equations simultaneously, is where you must be. 

As shown in the picture above, when we move to 3 dimensions, we now 
need 3 messengers. These messengers will lead to 3 intersecting spheres 
and this will determine our position.

Things start to get more complicated when we want to improve accuracy. 
Since the GPS receiver measures the distance using the travel time of radio 
signals, we need very accurate clocks. It may also happen that the GPS-
receiver clock is not synchronized with the satellite clocks. There are ways to 
overcome this error by recording the information from another messenger. 
We also require that the satellites have perfectly synchronized clocks. 

Corrections from Special and General Relativity
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What is GPS

In 1905 Albert Einstein published the theory of special relativity to explain 
the relationship between space and time. In 1915 Einstein included the 
effects of gravity in his more general theory of general relativity.

According to the theory of special relativity, the clocks on the fast-moving 
satellites will run slower than the clock on the stationary GPS receiver. This 
effect is called “time dilation. As a result, time is no longer absolute, and 
different observers may experience a different notion of time. 

The satellite clocks will tick more slowly than the ground clocks by what is 
called the Lorentz factor:
 

We took v to be 3.874 km per second, approximately the speed the satellites 
orbits the earth. Also c is the speed of light, which is approximately 
300,000km per second. We can now determine the effect of special relativity 
on the satellite clocks for one day: 

This means that each day satellite clocks run 7214 nanoseconds slower than 
stationary clocks on earth. 

We also need to account for the effect of general relativity. General relativity 
predicts that a clock closer to a massive object will run slower than a clock 
farther away. In this case, the satellites are further away from the massive 
Earth than the GPS receivers. 

This causes the satellite clocks to run faster than the GPS receiver clocks by 
a factor of:

Over the course of one day, this amounts to a difference of:

Thus in total the satellite clocks gain per day:

This means that each day, the satellite clocks run 38 microseconds faster 
than clocks on earth. How long is a microsecond? It is 1 millionth of a 
second, or 0.000001 seconds. Even though that seems like a very small 
number, it would accumulate to 10km per day if not corrected for! It is thanks 
to Einstein that our GPS systems can run so accurately!

At the Science Festival stall, you will have the opportunity to test a 
simple 2 dimensional model of a GPS system. Instead of 
considering a sphere in 3 dimensions, it is easier for us to first 
consider the problem of a circle in 2 dimensions. 

You should find cards with different 'input data' for you to put into 
the computer. These cards will tell you the information which you, 
the GPS receiver, would receive from the satellites. The location of a 
point on the road will be described by its angular distance from due 
north, measured in a clockwise direction.

A Simple Model


