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Understanding units usually makes physics much easier to understand. It also gives a good method of
checking if an answer is reasonable. We will use the conventional notation that

[variable] = units (or dimension) of variable .

The main three units (main in the sense that virtually everything in physics can be expressed in terms
of these) are

• [length] = metres ≡ L

• [time] = seconds ≡ T

• [mass] = kg ≡M

Using these we can now find the dimensions of lots of physical concepts. Try a few of the sections below
to see how.

Dynamics

Velocity [v] = L
T Momentum [p] = [mv] = ML

T

Acceleration [a] = L
T 2 Energy [E] =

[
1
2mv

2
]

= ML2

T 2

Question: What happened to the one half term in the energy?
Answer: Constants have no dimensions. One can have 2 cows, 2 dogs, 2 anythings, but just 2 lots of
‘ones’ gives the units of one.

Force [F ] = [ma] = ML
T 2 ≡ N, Newton Potential [U ] =

[
−
∫
Fdx

]
= ML2

T 2 = [E]

This shows that the potential, has the same dimension as energy, hence why we call it potential energy.

Question: What happened with the integral in the potential energy?
Answer: Integrating over a dimension (here length) is the same as multiplying by this new dimension
(here length). As a simple example, imagine that the integrand is constant f(L) = c. Then we have∫

f(L) dL =

∫
c dL = cL ,

which shows that we pick up the dimension of L. More generally we have[∫
f(x)dx

]
= [f(x)] [x] .

We can use this to find the dimension of work as below

[W ] =

[∫
Fdx

]
=
ML2

T 2
= [E]

Note that work has the same dimensions as energy. We often measure energy in terms of Joule.

Energy [E] = J Power [P ] = J
T ≡W, Watt

Intensity [I] =
[
P

Area

]
= W

L2
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Problems

For all questions, write your answers using the simplest dimensions possible, eg. L, T,M .

1. what are the units of force per unit area, called Pascals.

2. what are the units of 4µm
1cm

3. rewrite the units of momentum using Newtons and one other unit. Can you write momentum in
another way?

4. what are the units of c and volumetric mass density

5. what has units of energy per second, Newton metres and Newton metres per second (hint: consider
energy and power)

6. what are the units of Newton’s constant G, and 1 lightyear

7. what is the radius of a black hole of mass M (hint: you will need the units of G above, and the
most natural unit of speed). This is called the Schwarzschild radius.

Angular Dynamics

Angle [θ] = 1 Angular velocity [ω] =
[
dθ
dt

]
= 1

T

Angular acceleration [α] =
[
d2θ
dt2

]
= 1

T 2 Inertia [I] =
[
mr2

]
= ML2

Torque [τ ] = [r × F ]

= L · [F ] =
ML2

T 2
= [E]

Angular momentum [L] = [r × p] = [Iω]

=
ML2

T

Question: What happened to the radian here?
Answer: Although the angle θ has dimensions of radians, we generally just ignore this dimension and
then remember it at the end.

Dimensional analysis is really handy at remembering angular equations. For example, say you can’t
remember if angular velocity ν goes like ν = rω or νr = ω. Instead, remember that since ν is a velocity
it needs to have dimension L/T . Now [ω] = 1

T and [r] = L so we must have ν = rω.

Problems

1. what are the units of the small mass dm and small volume dV used in finding inertia

2. find the units of the following quantities Iω2, Lω, L2/I

3. find an integral involving torque which has units of angular impulse (ie, the change in angular
momentum)

4. find an expression for the angular frequency of a pendulum of length L with a mass m at the end
of the massless rod (hint: you will also need g)

5. use Hooke’s law F = −kx to find the unit of the spring constant k, and from this find an expression
for the angular frequency of a mass m on a spring of constant k
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Electromagnetism

For electromagnetism we need to introduce a fundamental unit of charge, Q, with units [Q] = C called
the Coulomb.

Charge [Q] = C Current [I] =
[
dQ
dt

]
= C

T ≡ A, Ampere

We next recall the Lorentz force F = Q(E + v×B) and Maxwell’s equations to find the following units.

Electric field [E] =
[
F
Q

]
= ML

T 2C Magnetic field [B] =
[
F
Qv

]
= M

CT

Electric flux ΦE =

∫
E.dS

⇒ [ΦE ] =
ML4

T 2

Magnetic flux ΦB =

∫
B.dS

⇒ [ΦB ] =
M

CTL2

These two flux dimensions aren’t particularly useful, however it does allow us to check that the dimensions
match on the following equation, called Faraday’s law of induction∫

E · dl = −dΦB
dt

.

Problems

1. Use Gauss’ law for a closed surface
∫
E.dS = Q

ε0
to find the units of ε0, called the permittivity of

free space.

2. using Ampere’s force law F = µ0

4π
I1I2
r , find the units of µ0, called the vacuum permeability

3. using the units in the previous question, check that the dimensions match in Ampere’s law
∫
B ·dl =

µ0I

4. find a unit of velocity from ε0 and µ0 (you can also check this by forming a second order equation
from the Maxwell equations)

5. find an expression with units of power from charge, acceleration, c and ε0. Up to a constant, this
is called Larmor’s formula, describing the power radiated by an accelerating point charge

6. find the angular frequency of a particle of charge Q and mass m moving through a magnetic field
B. This is a cyclotron.

A volt is the potential difference between two points required to give a charge of 1 Coulomb, 1 Joule of
energy. If the charge is an electron, then an electronvolt is the energy that an electron gains by moving
through a potential difference of one volt.

Volt [V ] = J
C Electron volt [eV ] = [e][V ] = C J

C = J

Problems

1. the dimensions of resistivity [R] ≡ Ω are called Ohms, determine these units using Ohm’s law
V = IR.

Previously we saw that Watt was the unit of power, the rate at which work is done. In electromagnetism,
Watt is the rate of work done when one Ampere of current flows through an electrical potential difference
of one volt.

2. express the units of Watt in terms of: Volt and Amperes, Volts and Ohms, Amperes and Ohms.
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Waves and Fluids

I find the most useful part of dimensional analysis is that it provides an easy way to remember the
different relations between the particle and wave interpretation of light. Let’s start with the wave side
first.

Wavelength [λ] = L Wavenumber [k] = 1
L

Frequency [f ] = 1
T Angular frequency [ω] = 1

T

The wave speed is now easy to work out: speed has units [v] = L
T so we have v = λf = ω

k .

There is some ambiguity however because we omitted the unit of radian, as technically we can also have
v = λω which is off by a factor of 2π. At the very least, dimensional analysis has shown us that v = wk
is wrong!

Below are some units that are useful for fluids.

Pressure [P ] = [ForceArea ] = [Nms ] = M
LT 2 Volumetric density [ρ] = [mass

Vol ] = M
L3

The dynamic viscosity µ is defined by F = µA∂u
∂z . Here ∂u

∂z is the derivative of the fluid speed in the
direction perpendicular to the surface, called the local shear velocity.

Viscosity [µ] = [Nsm2 ] = M
LT Stress [σ] = [ N

Area ] = M
T 2L

For fluid flow at velocity v in a tube of diameter D, we often define a dimensionless quantity called the
Reynolds number.

Re =
ρvD

µ
.

Problems

1. check the dimensions of the wave speed v from the wave equation ∂2t ψ = 1
v2 ∂

2
xψ

2. find units of [v2] from pressure and density (this is a good way to remember Bernoulli’s equation)

3. check that the Reynolds number defined above is dimensionless

Flux measures the flow of a physical property through space. One definition is

Φ =

∫∫
S

~F · dA ,

where we want to know how much of ~F is travelling through some surface S.

3. find the units of energy flux and momentum flux

4. heat flux (also called thermal flux) is the rate of heat energy transfer through a surface. Using the
fact that heat rate is measured in joule per second (Watt), find the units of heat flux

5. find the dimensions of both sides of the divergence equation and check that they match∫
V

∇ · ~F dV =

∫
S

~F · ~n dS .

6. if ~F is a vector field, write the dimension of ∇× ~F in terms of [~F ]

7. using your answer for the above question, check the dimensions match on both sides of Stokes’
equation ∫

S

∇× ~F dS =

∫
∂S

~F · d~r .
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Quantum Mechanics

Now we get to the exciting part: can we use dimensional analysis to better understand quantum me-
chanics, particularly Planck’s constant?

Intuitively we know that (all else being constant) waves with smaller wavelengths have more energy. Just
looking at the two waves below, one can guess that the top one has greater energy.

With this intuition, we could guess E = h′

λ for some constant h′ which will have the necessary dimen-
sions. However, given that λ ∼ 1/f we could also guess E = h′′f for another constant h′′ with (different)
dimensions. Which of these is correct?

If we use the relation λf = v we find that h′ = vh′′. In the case of light, where v = c is a constant, this
shows that either definition is fine (indeed the photoelectric effect E ∝ f holds in both cases).

However if we consider other waves, where v is not constant, we can differentiate between h′ and h′′ by
determining which one is/is not a constant. Electron diffraction tests show us that E

f does not depend

on v. That is, h′′ is a constant of nature, not h′ = vh′′.

Hence we choose E = hf for some constant h = h′′. The important point, is that without the above
discussion, and if we only consider light waves as was done in the photoelectric effect, then we cannot
tell whether we should use h′ or h′′ as the constant of proportionality in the photoelectric effect E ∝ f .

To find a similar relation for momentum, we can again argue that p = h̃
λ for some constant h̃. However

using the following result for a relativistic particle

E2 = p2c2 + (mc2)2

we find that h̃ = h. Note dimensional analysis is not sufficient to explain the QM result that a wave
consists of particles with energy E = hf .

NOW, after all this preamble, the dimension of h is fixed by these equations.

Energy [E] = [hf ] = [~ω] Momentum [p] = [~k] = [h/λ]

Wave function

∫
|ψ|2d3x = 1

⇒ [ψ] =
1

L3/2

Probability current J =
i~
2m

(
ψ∇ψ∗ − ψ∗∇ψ

)
⇒ [J ] =

[~]

ML2

Plane wave [k · x− wt] = L
L = 1

Problems

1. find the dimension of ~ from the energy equation above, and use this to simplify the units of
probability flux

2. check the dimensions of the Heisenberg uncertainty principle

3. find two expressions with units of length and mass, called the Planck length and mass respectively,
from ~, G and c

4. calculate the Bohr radius from ε0, ~,me and the charge of the electron e−
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5. in the hydrogen atom, there is one proton at the centre and a single orbiting electron (at distance
a0). Using this fact and Coulomb’s law, write the energy of the atom and substitute in your
expression for a0

Field Theory

Hamiltonian [H] = [KE + V ] = [E] Lagrangian [L] = [KE − V ] = [E]

Action [S] = [
∫
L dt] = [L]T = ML2

T

Relativity

Dimensional analysis can make it much easier to manage the different terms needed in Lorentz transfor-
mations.

Velocity coefficient [β] = [vc ] = 1 Lorentz factor [γ] = [ 1√
1−v2/c2

] = 1

Time boost [
vx

c2
] = T

⇒ t′ = γ(t− vx

c2
)

Velocity boost [ct] = L

⇒ x′ = γ(x− ct)

Note for the boost terms above, dimensional analysis is an easy way of telling which terms need to be
added to the standard t or x terms.

Problems

1. what are the units of the (two dimensional) line element ds2 = −c2dt2 + dx2

2. The line element in the previous question is represented by a symmetric matrix, for example

gµν =

(
−c2 0

0 1

)
. Find the determinant of this matrix, denoted g ≡ |det(gµν)|, and calculate its

dimension.

BONUS QUESTION

Find the Hawking temperature of a black hole using the following steps

a) if you didn’t do it before, find the radius rS of a black hole of mass M

b) find the units of kB the Boltzmann constant from the black body equation E = kBT

c) Additional: check your answer in the previous part using the ideal gas law PV = kBT

d) find the gravity g on the surface of a black hole using Newton’s law of gravitation. Hint, no units are
needed here, you just need to write down g = GM

r2 and evaluate this at the surface of the black hole

e) find an expression with units of E from ~, g, c 1

f) use this expression for E in the equation in part b, and thus find the temperature of a black hole

References

Everything in the above can be found on Wikipedia. So if you get stuck, go have a read. But make sure
you think about and try the problems, don’t just read the internet.

1Note that we don’t include M and G here also. We can justify this by realising that the thermal energy should just
depend on g which involves M and G in a specific combination, not on arbitrary combinations of them. If you don’t do
this, then you get a family of possible expressions for E. This also stems from the fact that ~c

GM2 is dimensionless.
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